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ABSTRACT  
   
The computation of the fundamental mode in structural moment frames provides valuable 
insight into the physical response of the frame to dynamic or time-varying loads. In standard 
practice, it is not necessary to solve for all n mode shapes in a structural system; it is therefore 
practical to limit the system to some determined number of r significant mode shapes. Current 
building codes, such as the American Society of Civil Engineers (ASCE), require certain class of 
structures to obtain 90% effective mass participation as a way to estimate the accuracy of a 
solution for base shear motion.  
A parametric study was performed from the collected data obtained by the analysis of a 
large number of framed structures. The purpose of this study was the development of rules for 
the required number of r significant modes to meet the ASCE code requirements. The study was 
based on the implementation of an algorithm and a computer program developed in the past. The 
algorithm is based on Householders Transformations, QR Factorization, and Inverse Iteration and 
it extracts a requested s (s<< n) number of predominate mode shapes and periods. Only the first 
r (r < s) of these modes are accurate. To verify the accuracy of the algorithm a variety of building 
frames have been analyzed using the commercially available structural software (RISA 3D) as a 
benchmark. The salient features of the algorithm are presented briefly in this study. 
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CHAPTER 1 
INTRODUCTION 
The increasing complexity of structural building systems and the importance of symmetric 
eigenvalue problems have led developments in finding numerical solutions to the general 
eigenvalue problem, and in particular where closed form solutions are not available. [1]  There 
are many different solution strategies for solving the general eigenvalue problem and no one 
single strategy is preferred, rather combinations of techniques prove to be the most efficient. [2]  
The solution strategies are grouped into three broad categories: 
1. Transformation methods 
2. Iterative methods 
3. Determinant search methods 
Any particular solution strategy considers the nature of the problem and the matrix 
characterizations involved.  Symmetry, positive definiteness, bandedness, and sparsity, as well 
as, what are the solution requirements, i.e. the number of modes required. [3] 
Many different structures respond to dynamic loading primarily in a few modes, therefore in 
structural engineering analysis, it is not necessary to extract all the eigenvalues, since only the 
pre-dominate modes have significant effect on the behavior of the structure.  Therefore, it is 
advantageous to be able to extract the fundamental modes of structural systems without having 
to calculate all the modes. 
The proposed algorithm calculates the first r significant modes from any regular structural 
moment frame by creating the dynamic matrix ( 𝐃 = U−𝑇𝐌U−1), and then transforming the 
dynamic matrix into upper tri-diagonal form or hessenberg form by carrying s “Householder’s 
Transformations” with n degrees of freedom such that 𝒓 < 𝒔 < 𝒏 until the matrix is transformed 
into a diagonal matrix, but only in the first few columns of the matrix.  The eigenvalues and 
corresponding eigenvectors are then easily calculated by Inverse Iteration.  Advancement in 
computational software allows engineers to model, with reasonable accuracy, large structural 
systems with many n degrees of freedom, by employing only a few r significant modes.  
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Problem Statement 
The objective of this work is to provide the salient features of the proposed algorithm for  
calculating the r < n  number of significant mode shapes, based on mass participation of each 
frame, by standardizing, transforming and reducing the general eigenvalue problem into a 
computationally efficient form, which has been implemented into “Frame96”.  The design 
parameter of this work is r < n significant mode shapes, and the fundamental period of each 
frame.  The results have been generated using “Frame96” and compared to those generated 
using RISA 3D.  The evaluated data are then used to verify the accuracy of the proposed 
algorithm for a variety of building frames that cover a wide range of possible structures. 
Thesis Structure 
The research is divided into five chapters. Chapter 2 is a background of the covered 
problem, and reviews various numerical analysis techniques used in structural analysis 
applications, such as the Lanczos algorithm, the Subspace Iterations, and other methods.  
Chapter 3 provides descriptions and derivation of the proposed algorithm used in this work.  
Chapter 4 presents the results of parametric study from a large database of building frames; the 
study analyzes the effect of reducing the required number of eigenvalues to r < n to verify the 
required number of eigenvalues for a variety of frames required for design. Chapter 5 presents 
the results and conclusions for all the analysis; it also includes general rules for selection of the 
number of modes needed for mass participation required by the ASCE. In addition, the summary 
of the research are presented together with the need for further research. 




The increasing complexity of structural systems requires that the structural engineers use 
sophisticated engineering programs that simplify the structure into multi-degree of freedom 
systems.  The dead loads are assumed to be massed at each floor, and “each mass has one 
degree of freedom corresponding to lateral displacement in the direction under consideration. A 
structure will vibrate with as many modes and corresponding periods as its degree-of-freedom”. 
[4]  (See figure 1) 
 
Figure 1 - Multi-Degree of Freedom System 
Several concepts to consider with dynamic analysis: 
• The number of mode shapes are equal to the number of degrees-of-freedom of the 
model 
• The modes are orthogonal to each other  
• Each mode shape vibrates at its own natural frequency 
• The mode shapes and frequencies are determined by solving for the eigenvalues and 
eigenvectors (The general eigenvalue problem, 𝐊Φ𝑖 = 𝜆𝐌Φ𝑖) 
The effects of these properties in building design are important for understanding how 
many modes are necessary to adequately describe the dynamic behavior of any structure. Many 
different structures respond to dynamic loading primarily in a few modes [2], therefore in 
structural engineering analysis, it is not necessary to extract all the eigenvalues, since only the r 
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significant modes have significant effect on the behavior of the structure.  Therefore, it’s 
advantageous to find a method to extract only those necessary modes of vibration.  
There are many different solution strategies for solving the general eigenvalue problem. 
Combinations of solution strategies have proven to be the most effective. [2]  The solution 
strategies are grouped into three broad categories: 
1. Transformation methods 
2. Iterative methods 
3. Determinant search methods 
The above solution categories take maximum advantage of the characteristics of the 
stiffness (K) and mass (M) matrices to produce the most efficient solutions, including the following 
properites: 
• n x n real, symmetric matrices (n equals the number of degrees of freedom) 
• Positive definite, K > 0, M > 0, and non-singular 
• Mass is lumped or consistent 
• M matrix is well conditioned and invertible i.e. 𝐌−1 exists 
• 𝐊 =  𝐊𝑇 and 𝐌 =  𝐌𝑇, square matrices  
• Bandwidth 
• Symmetry 
• Static Condensation 
• Bandeness 
• Sparsity 
The eigenvalue solution is the most time consuming phase in dynamic analysis. [2] By 
using these properties of K and M, then numerical efforts are reduced allowing for smaller 
operation counts and reduced storage requirements. [2] [5] 
The following sections include a variety of numerical solution strategies that have been 
developed for the solution of the general eigenvalue problem. These methods have been 
  5 
incorporated into finite element and structural engineering programs, and are presently used by 
the structural engineering industry.   
Subspace Iteration Method [2] [5] [6] 
The subspace iteration method solves for the p lowest eigenvalues and associated 
eigenvectors from the following equation; 𝐊Φ =  𝐌ΦΩ2.  Φ are the p eigenvectors and Ω2 is a 
diagonal matrix with the corresponding eigenvalues.  The general concept is that eigenvectors 
form an M-orthonormal basis of the p-dimensional least dominant subspace of K and M.   
The solution iterates simultaneously with q (q = min(p, p+8)) linearly independent vectors 
such that q > p.  After k iterations, the vectors span the q-dimensional subspace ℰ𝑘+1 and best 
eigenvalues and eigenvectors are approximated.  The solution steps are as follows; 
1. Factorization of 𝐊. 
2. Subspace Iteration 
3. Sturm sequence check 
It is important that the starting subspace (vector) is close to the p-dimensional least 
dominant subspace to reduce the number of iterations. Also, convergence will not happen if the 
starting vectors are orthogonal to the eigenvector. The starting vector can be selected using 
different methods such as, monte carlo methods, or Lanczos iteration.  
The total operations counts for the subspace iteration method are 𝑛𝑚2 + 4𝑛𝑚 +16𝑛𝑞(2𝑚 + 𝑞 + 3
2
) for =  𝑚𝐊 = 𝑚𝐌  and 𝑛𝑚2 + 3𝑛𝑚 + 16𝑛𝑞(𝑚 + 𝑞 +  32) for 𝑚 =  𝑚𝐊, 𝑚𝐌 = 0 
assuming eight iterations.  
The Subspace Iteration method is very efficient in calculating the lowest eigenvalues and 
eigenvectors of systems with large bandwidth.  This method is used in many finite element 
analysis software although it is usually modified to provide faster convergence.  
Determinant Search Method [2] 
The determinant search method provides efficient solutions to large eigenvalue problems 
by not solving for all the eigenvalues in the system but only the required ones and for matrices 
with small bandwidths this method is very efficient.  The solution steps are as follows; 
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1. Triangular factorization of 𝐊 −  𝜇𝐌 and obtaining a shift near 𝜔2.  An accelerated 
secant iteration technique is used to determine the next shift. 
2. Vector inverse iteration directly on the general problem.  M can be diagonal, with 
zero elements, or may be banded positive definite.  The iteration vector is 
orthogonalized to the last found six eigenvectors. 
Determinant search method takes advantage of the one-sided approach but can 
converge slowly but this problem can be solved by using an efficient acceleration scheme and 
choosing the starting vector properly. 
The total operations counts for the determinant search method are (3𝑛𝑚3 + 39𝑛𝑚 +114𝑛)𝑝 (for all n eigenvalues and p eigenvectors) and assuming six secant and six inverse 
iterations per eigenpair. Using the symmetry of matrices the storage is 2𝑛(𝑚 + 1) + 9𝑛 for  
𝑚 =  𝑚𝐊 = 𝑚𝐌 and  𝑛(𝑚 + 1) + 10𝑛  for 𝑚 =  𝑚𝐊, 𝑚𝐌 = 0 (for all n eigenvalues and m 
eigenvectors). 
The Determinant Search method is very effective used to calculate the lowest 
eigenvalues and eigenvectors of small bandwidth systems and is useful in the solution of large 
structural systems. 
Householder-QR-Inverse Iteration Solution [2] [7] 
The Householder-QR-Inverse iteration method is the only reviewed method that starts 
with the standard form of the eigenvalue problem.  It combines three different techniques to take 
maximum advantage of the special properties of K and M, respectively. The three solution steps 
are as follows;  
1. Householder Transformations are used to reduce the matrix to tri-diagonal form. 
This requires (n-2) orthogonal similarity transformations. 
2. QR iteration produces the eigenvalues.  The QR method converges cubically in 
the neighborhood of an eigenvalue.  It is similar to the Rayleigh Quotient 
iteration. 
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3. Inverse Iteration method transforms the eigenvectors of the tri-diagonal matrix to 
the eigenvectors of  𝐊�; Householder transformations are used to obtain the 
eigenvectors of 𝐊�. Two steps of iteration are usually sufficient.   




𝑛2 + 𝑝𝑛2 + 9𝑝𝑛 (for 
all n eigenvalues and p eigenvectors). 
The Householder-QR-Inverse Iteration method is most efficient when the system has a 
large bandwidth or is full and all eigenvalues and eigenvectors are required.  Static condensation 
can be used to improve efficiencies but it depends of the original bandwidth and the number of 
required eigenvalues and eigenvectors, the number of degrees of freedom, both original and final.  
If the mass matrix is banded and the system is large the transformation to the standard 
eigenvalue problem is practically always inefficient. 
Generalized Jacobi Iteration [2] 
The generalized Jacobi iteration starts with the general form of the eigenvalue problem 
and is an efficient solution algorithm.  The method is very simple and rely’s on off-diagonal 
elements being sparse or small and it allows for direct solution of the eigenvalues without having 
to transform it into the standard form.  The massless degrees of freedom in a lumped mass 
analysis do not need to be statically condensed.   
The algorithm uses a rotation matrix that simultaneously zeros out the (i,j) elements, 
letting  𝐾𝑲+𝟏 → 𝑑𝑖𝑎𝑔(𝒦𝑟), and 𝑀𝑲+𝟏 → 𝑑𝑖𝑎𝑔(ℳ𝑟) as 𝑘 → ∞.  The required eigenvalues are  
Ω2 = 𝑑𝑖𝑎𝑔(𝒦𝑟/ℳ𝑟) and if 𝑙 iterations are required for convergence then the required eigenvectors 
are Φ =  𝑃1,𝑃2,⋯ ,𝑃𝑙𝑑𝑖𝑎𝑔(ℳ𝑟−1). 
The total operations counts for the Generalized Jacobi iterations are 3𝑛3 + 6𝑛2 per 
sweep and a solution usually takes two to eight sweeps (for all n eigenvalues).  The storage is 2𝑛2 + 2𝑛 per sweep. 
The Generalized Jacobi iteration is most efficient when the complete eigensystem is 
required and many off-diagonal elements are small or sparse, i.e. the eigenproblem is nearly 
solved.  
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Lanczos algorithm [5] [8] 
The Lanczos algorithm has been used to solve the partial eigensolution of large banded 
structural systems by transforming the standard eigenproblem to a symmetric tri-diagonal 
eigensystem. The solution is then truncated to the required number of eigenvalues using Sturm 
sequence properties. Specifically, the intent was for this methods inclusion in commercial finite 
element analysis software. 
The equation is not solved for all eigenvalues n but is truncated to a value m.  The 
required number of eigenvalues m are determined from experience but it’s suggested a value of 
2*m eigenvalues.  The new eigenvalue form is TmZ = 𝜆̅𝑖Z. 
The bisection method is used to solve for the truncated eigenvalues from 𝑻𝒎. The 
eigenvectors 𝒁 are solved by inverse iteration. The number of accurate eigenvalues obtained 
from T is m/2. 
Theoretically, the Lanczos algorithm vectors are mutually orthogonal but can become 
corrupted by computational round-off errors, creating Lanczos vectors that are sufficiently 
separated from each other, allowing the Lanczos algorithm to become unstable. 
The solution is to re-orthogonalize the Lanczos vectors by using a process similar to the 
Gram-Schmidt process. The re-orthogonalization computations are very substantial and make 
other solution methods more attractive.   
The Lanczos algorithm has been implemented into the SAP program [8] and has been 
shown to be an efficient method for the partial solution of eigenvalue problems of large order 
structural systems, especially when all matrices involved are sparse and banded. 
r Significant Modes [9] [10] [11] [12] 
Each mode contributes to the dynamic base shear, and its contributions are measured by 
the percentage of effective mass or mass participation.  The mass participation indicates the 
percentage of the total mass that is mobilized in any direction under dynamic loading. Several 
properties of mass participation: 
• Mass participation is a function of the mode shape, mass distribution of the 
structure at level under consideration, and the direction of the excitation.   
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• The magnitudes of the participation factors diminish with increasing mode 
number. 
• The contributions of all the modes are considered an exact value and should 
equal unity. 
r significant modes should be used to ensure that the structures mass is contributing to 
the mass excitation. The number of modes used should represent at least 90% of the total mass 
of the structure.  
The above section has provided information relating to the solution of the general 
eigenvalue problem.  The solution algorithms have been employed in standard structural 























Throughout this chapter we shall assume the following: 
• 𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑛 
• 𝜆 =  𝜔2 
• 𝐊, 𝐒 = stiffness matrix 
• 𝐊 =  𝐊𝑇 and 𝐌 =  𝐌𝑇 i.e. square matrices  
• 𝐌 = mass matrix 
• M matrix is well conditioned and invertible i.e. 𝐌−1 exists 
• Φ𝑖 = mode shapes 
• n x n real, symmetric matrices (n-degrees of freedom) 
• Positive definite, stiffness (K) > 0, Mass (M) > 0, and non-singular 
• Mass is lumped or consistent 
General Eigenvalue Problem 
For the dynamic analysis of a linear-discrete structural system by superposition of 
modes, the free vibration problem of the system must be solved.  The free vibration analysis of 
the linear system without damping reduces the solution of the linear eigenvalue problem to: 
 
 
To facilitate discussion of the proposed algorithm, equation (1) will be rewritten to a more 
convenient form.  The equation of the linear general eigenvalue problem can be written as:  
 
 
In equation (2) above, W is the mass-orthonormalized eigenvectors   [W] = �W11 W12W21 W22� 
 𝐊Φ𝑖 = 𝜆𝐌Φ𝑖 (1)  
 𝐒𝐖 = Λ−1𝐌𝐖 (2)  
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and Λ−1 is the inverse of the spectral matrix listing the eigenvalues [𝜆] =  �𝜆1 00 𝜆2�. 
Standard Eigenvalue Problem 
 Many current solution procedures can be used if the general form of the eigenvalue 
problem is first transformed into the standard form. Assuming that S is positive definite, then if [𝑆] =  𝑈𝑇𝑈 for any non-singular matrix [𝑈] and [𝑈𝑇 ]. The generalized eigenvalue problem is 
equivalent to the solution of the standard eigenvalue problem which is shown as: 
 
 
Where Q = U𝐖, and 𝐊 = U−𝑇𝐌U−1.   K is symmetric and positive definite.  The transformation is 
stable as long as S is well-conditioned and non-singular. [13] 
Algorithm Overview 
The solution of equation (3) combines three existing methods that transform the matrices 
into simpler forms that are easily solved.  Householder transformations are used to reduce the 
matrix to upper tri-diagonal form or hessenberg form, only requiring (n-2) orthogonal similarity 
transformations. QR Factorization transforms the matrix into diagonal form from which the 
eigenvalues are solved.  Inverse iteration transforms the eigenvalues of the tri-diagonal matrix to 
the eigenvectors of K; Householders transformations are used to obtain the eigenvectors of K. [2] 
Algorithm 
The standard form of the generalized eigenproblem is shown in equation (3).  If the 
structural system has 𝒏 degrees of freedom then by 𝒎 Householder's similarity transformations, 
𝑲 is made tri-diagonal.  
Let 𝑅ℎ  = Householder transformer and pre-multiply and post-multiply 𝑅ℎ𝑇 to both sides of 
the equation (3). 
 
 
Simplifying equation (4) by setting 𝐻 = 𝑅ℎ𝑇𝐾𝑅ℎ and 𝑄 = 𝑅ℎ𝑇𝑄 
 𝐊Q = ΛQ (3)  
 𝑅ℎ𝑇𝐾𝑅ℎ𝑅ℎ𝑇𝑄 = 𝑅ℎ𝑇𝑄 𝛬 (4)  
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Setting R = Similarity transformer and 𝑄� = 𝑅𝑄.  
 
 
The result is a similar result to equations (6) and (7). 
The properties of a diagonal matrix are unit vectors therefore the modal matrix of a 
diagonal is unit 𝑰.  Since D from equation (7) is a diagonal matrix therefore 𝑄� = 𝐼.  It has been 
shown that the diagonal matrix is similar to K in equation (3) therefore the diagonal elements of D 
are the eigenvalues of K. 





It has been found that if the Householder's transformations stop at a step 𝒎 < 𝒏  and the 
similarity transformation stops also at a step m, then the r eigenvalues and the corresponding 
eigenvectors are the correct ones.  
The accuracy of the eigenvalues and eigenvectors are calculated in Frame96 by taking 
dot product of two eigenvectors and comparing the angular difference between vectors. As the 
cosine of the angle approaches unity, then the eigenvectors are correct. The following code is 
used to verify the accuracy of the computed eigenvalues and eigenvectors. (See table 1) 
 
 𝐻𝑄 = 𝑄Λ (5)  
 𝑅ℎ𝑇𝐻𝑅ℎ𝑅𝑄 = 𝑅𝑄 𝛬 (6)  
 𝐷𝑄� = 𝑄� ∧ (7)  
 𝑄� = 𝐼 = 𝑅𝑄 𝑜𝑟 𝑄� = 𝑅−1 (8)  
 𝑄� = 𝑅ℎ𝑇 𝑜𝑟 𝑄 =  𝑅ℎ−𝑇𝑄� =  𝑅ℎ−𝑇𝑅−1 (9)  
 𝑄 = 𝑈𝑊  𝑜𝑟 𝑊 =  𝑈−1𝑄 =  𝑈−1𝑅ℎ−𝑇𝑅−1 = 𝑲 (10)  
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Table 1 - Eigenvector Comparison Code 
'--------------------------------------------------------------------- 
''Dot Product of the two Eigenvectors (Comparison)                                                             
 ‘Code Written by: Dr. Apostolos Fafitis   
'---------------------------------------------------------------------- 
f nRn = 2 Then       
       i1 = iRun(1): i2 = iRun(2)   'Comparison of two Runs (angular 
diference of Eigenvectors) 
       i = i1: ModalMtr i 
       For j = 1 to n: For k = 1 to n: iModal(j, k) = nModal(j, k): 
Next k: Next j 
       For j = 1 To nMd: iNorm(iMdl(j), i) = nNorm(iMdl(j), i): Next j 
       i = i2: ModalMtr i 
       For i = 1 To nMd: ii = iMdl(i): iDot(ii) = 0 
        For j = 1 to n: iDot(ii) = iDot(ii) + nModal(j, ii) * iModal(j, 
ii): Next j 
        iDot(ii) = iDot(ii) / iNorm(ii, i1) / nNorm(ii, i2) 
        ijCos(i) = " (Cos=" + Str(Int(1000 * Abs(iDot(ii))) / 1000) + 
")" 
       Next i 
     Else 
       For i = 1  to n: ijCos(i) = "": Next i 
     End If 
Frame96 
The proposed algorithm presented in the previous section has been implemented into 
Frame96.  The following section will describe how the solutions have been applied in the 
program.  
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Householder Transformations  
 After having formulated the dynamic matrix and transforming the general eigenvalue 
problem in equation (1) into the standard eigenvalue problem in equation (2); Householders 
method then produces an upper tri-diagonal form or Hessenberg form in (n-2) orthogonal 
similarity transformations. R is a similarity transformer and is orthogonal to K, and we calculate K 
in equation (11): 
𝐊𝑘+1 =  𝑅𝑘𝑇𝐊𝑅𝑘  𝑘 = 1,2,⋯ ,𝑛 − 2  𝐊1 = 𝐊 (11)  
 
The Frame96 code to apply Householder Transformations is applied as the subroutine 
Hessenb(), and is shown in the following table.  
Table 2 - Householder's Transformations  
'--------------------------------------------------------------------- 
' SUBROUTINE: Hessenb Matr(),Dim                                          
'Hessenberg Transformation                                                               
'Give: Dimension and Matrix to be transformed                                            
'Print: Hessenb(),Dim                                                                    
‘Get: The transformed matrix (The transformed matrix has the same 
eigenvalues as the original) 
‘Code Written by: Dr. Apostolos Fafitis   
'----------------------------------------------------------------------
--- 
Sub Hessenb(Hess() As Double, n) 'Transformation of a Square Matrix to 
a Hessenberg 
ReDim w(n), u(n), v(n) 
ReDim iR(n, n) As Double, mR(n) As Double 
         HnPrd = nPrd 
         For r = 1 To n - 2 
          w(r) = 0: P = 0 
          For i = r + 1 to n: P = P + Hess(i, r) * Hess(i, r): Next i 
          nHes = nHes + (n - r) * nMlt 
          s = Sqr(P): If Hess(r + 1, r) < 0 Then s = -s 
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          nHes = nHes + nSqr 
          If s = 0 Then GoTo NxtHR  'All subDiag elements zero (no need 
for transform.) 
          w(r + 1) = Sqr((1 + Hess(r + 1, r) / s) / 2): nHes = nHes + 2 
* nDiv 
          For i = r + 2 to n: w(i) = Hess(i, r) / 2 / s / w(r + 1): 
Next i 
          nHes = nHes + 3 * nDiv 
          For i = r To n: For j = r To n    'Householder p-Matrix 
           iR(i, j) = -2 * w(i) * w(j): nHes = nHes + 2 * nMlt 
          Next j: iR(i, i) = 1 + iR(i, i): Next i 
          On Error GoTo 12    'If Modal() is not given then skip its 
transformation 
          For i = 1 To n                'Tranformation of Modal Matrix 
           For k = r + 1 to n: mR(k) = Modal(i, k): Next k 
           For j = r + 1 to n: Modal(i, j) = 0 
            For k = r + 1 To n 
             Modal(i, j) = Modal(i, j) + mR(k) * iR(k, j): nMd = nMd + 
1 * nMlt 
            Next k 
           Next j 
          Next i 
12        t = 0   'Tranformation of the r-th Row to tridiagonal 
          For i = 1 To n 
           P = 0: Q = 0 
           For j = r + 1 To n 
            P = P + Hess(i, j) * w(j) 
            Q = Q + Hess(j, i) * w(j) 
           Next j: nHes = nHes + 2 * (n - r) * nMlt 
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           u(i) = P: v(i) = Q: t = t + P * w(i) 
          Next i 
          For i = 1 to n: For j = r To n 
           Hess(i, j) = Hess(i, j) - 2 * w(i) * v(j) - 2 * w(j) * u(i) 
+ 4 * t * w(i) * w(j) 
          Next j: Next i 
          nHes = nHes + (n) * (n - r + 1) * 7 * nMlt 
          If r >= nRt Then Exit For  'Hessemb Transformation Terminated 
NxtHR:   Next r 
         For i = 1 + 2 to n: For j = 1 To i - 2: Hess(i, j) = 0: Next 
j: Next 
nHes = nHes + nPrd - HnPrd: nPrd = HnPrd    'modal etc ????? 
End Sub 
QR Factorization 
Having established after (n-2) orthogonal similarity transformations that matrix D are 
diagonals in equation (7).  The modal matrix of a diagonal is unit 𝑰.  Since D from equation (7) is a 
diagonal matrix therefore 𝑄� = 𝐼.  It has been shown that the diagonal matrix is similar to K in 
equation (3) therefore the diagonal elements of D are the eigenvalues of K, and is shown in 
equation (12) 
𝐃𝑘+1 =  𝑄𝑘𝑇𝐃𝑄𝑘   𝑘 = 1,2,⋯   𝐃1 = 𝐊𝒏−𝟏 (12)  
Inverse Iteration 
The eigenvectors are obtained and transformed by inverse iteration, and calculated by equations 
(13) and (14) (𝐊𝑛−1 −  𝜔𝑖2𝐼)𝑥𝑖𝑘+1 =  𝑥𝑖𝑘 𝑘 = 1, 2  
𝑖 = 1, 2,⋯ , 𝑝 (13)  
𝐖𝑖 = 𝐖1,𝐖2,⋯ ,𝐖𝑛−2𝑥𝑖𝑘    𝑖 = 1, 2,⋯ , 𝑝 (14)  
 
Frame96 code to apply QR Factorization and Inverse Iterations are applied as the 
subroutine MatEigen, and is shown in the following table. 
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Table 3 - QR Factorization/Inverse Iteration Subroutine 
----------------------------------------------------------------------------------------------------------------------------- 
'SUBROUTINE: MatEigen Matr(),Dim                                      
'Similarity Transformations                                                         
'Give: Matrix to be transformed                                                       
'Print: MatEigen Matr(),Dim                                                          
‘Get: The Transformed Diagonal Matrix (The diagonal elements are the 
Eigenvalues) 
Code Written by: Dr. Apostolos Fafitis 
--------------------------------------------------------------------- 
Public nTransf, CosToler, nRt, DoF  ',Modal() As Double 
Sub MatEigen(Matr() As Double, n) 
     ReDim Cs(n), Sn(n) 
     Hessenb Matr(), n 
     SymmetrM = "Y": Shift = 0 
Shift:     'Shift = Shift + Matr(n, n): For i = 1   
to n: Matr(i, i) = Matr(i, i) - Matr(n, n): Next i 
      For i = 1 to n - 1 
       t = pi / 2 
       If Matr(i, i) <> 0 Then   'Note: If Matr(i,i) and Matr(i+1,i) 
zero then put Eig(i)=0 and eliminate i-th Row and Column 
         t = Atn(Matr(i + 1, i) / Matr(i, i)) 
         If Abs(t) < 0.00001 Then t = 0: Matr(i + 1, i) = 0 'Rot < 
.001 rad (.000017 deg) 
         nEig = nEig + nDiv + nAtn 
       End If 
       C = Cos(t): s = Sin(t): nEig = nEig + 2 * nSin 
       Cs(i) = C: Sn(i) = s 
       n1 = n: If SymmetrM = "Y" Then If i + 3 < n Then n1 = i + 3 
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       For j = i To n1 
       P = Matr(i, j): Q = Matr(i + 1, j) 'Pre multiply DynMat by trn 
RotMat 
        Matr(i, j) = C * P + s * Q 
        Matr(i + 1, j) = -s * P + C * Q 
       Next j: nEig = nEig + (n1 - i + 1) * 4 * nMlt 
       If i >= nRt Then Exit For 
      Next i 
      For j = 1 To n - 1 
       C = Cs(j): s = Sn(j) 
       For i = 1 To j + 1 
        P = Matr(i, j): Q = Matr(i, j + 1)  'Post multiply of DynMat 
by RotMat 
        Matr(i, j) = C * P + s * Q 
        Matr(i, j + 1) = -s * P + C * Q 
       Next i: nEig = nEig + (i - 1) * 4 * nMlt 
       For i = 1 To n 
        P = Modal(i, j): Q = Modal(i, j + 1) 'Post multiply of Modal 
by RotMat 
        Modal(i, j) = C * P + s * Q 
        Modal(i, j + 1) = -s * P + C * Q 
       Next i: nEig = nEig + (i - 1) * 4 * nMlt 
       If j >= nRt Then Exit For  'Only the first nRt Vectors are 
transformed 
      Next j 
      For i = 2 To nRt - 1 
       If Abs(Cs(i)) - CosToler < 0 Then nTransf = nTransf + 1: GoTo 
Shift     'Some Cosines < CosToler 
      Next i 
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      For i = 1 to n: Matr(i, i) = Matr(i, i) + Shift: Next i 
End Sub 
 
 The above section describes the general eigenvalue problem, and its transformation to 
the standard eigenvalue problem.  The proposed algorithm is derived and salient features of the 
Frame96 code are shown in order to show how the algorithm has been implemented into 
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CHAPTER 4 
PARAMETRIC STUDY 
The parametric study analyzed 8 different moment frames, in Frame96 and RISA 3D, to 
determine under normal loading conditions how many r significant modes were necessary for 
structural engineering analysis. (See table 4)  The frames were composed of concrete or steel, 
and grouped according to number of stories, number of bays, and total number of degrees-of-
freedom. Study benchmarks are the frame period and frame mass participation calculated with 
RISA 3D.  The design parameter was r significant modes, and fundamental period of the frames.   
Table 4 - Parametric Study of Moment Frames 
Material Frame Number Story Bays TDOF 
Concrete 1 1 3 12 
 2 4 3 48 
 3 8 3 96 
 4 12 3 144 
Steel 5 1 1 6 
 6 4 1 24 
 7 8 1 48 
 8 12 1 72 
 
Frame96 Verification 
RISA 3D verified the analysis in Frame96 by comparing the frame periods.  Note that the 
fundamental period of the moment frame compares favorably with RISA 3D. (See table 5) The 
maximum calculated error percentage is less than 15%. 
Table 5 - Frame Period Comparisons 





Concrete 1 0.529 0.607 13% 
 2 0.518 0.506 2% 
 3 0.768 0.768 0% 
 4 1.07 1.02 5% 
Steel 5 0.341 0.343 0.6% 
 6 0.507 0.503 0.8% 
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 7 1.204 1.214 0.8% 
 8 1.786 1.677 6.5% 
 
The parametric study analyzed each frame for different numbers of eigenvalues (modes).  
The first analysis considered all of the eigenvalues (exact case).  Each subsequent analysis 
reduced the number of eigenvalues by half, until a limiting value was determined.  In this study 
the limiting number is 3 eigenvalues. The data collected from these analyses are graphed to 
show the deviation from the exact analysis.  Mass participation is graphed along with the 
eigenvalue analysis to provide perspective on where code compliance occurs.  [12] 
The following section presents results from the parametric study for four moment frames. 
The remaining results are found in the appendix.  The following frames will be presented in the 
following section: 
• Frame 1 – 1-story concrete moment frame 
• Frame 6 – 4-story steel moment frame 
• Frame 3 – 8-story concrete moment frame 
• Frame 8 – 12-story steel moment frame 
Example – Frame 1 (1-Story Concrete Moment Frame) 
 Figure 2 shows the frame elevation of the concrete moment frame in this example.  The 
frame is part of a 1-story industrial building with large dead loads (258 kips at each joint).  The 
total degrees-of-freedom for this frame is 12.  The analysis will consider the following runs in 
Frame96: 
• Run 1 – 12 modes 
• Run 2 – 6 modes 
• Run 3 – 3 modes 
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Figure 2 - Frame 1 Elevation 
 





Node i Node j Length Area Moment of Inertia 
(Start) (End) (ft) (in2) (ft2) (in4) (ft4) 
1 22x22 1 2 15 484 3.36 19521 0.941 
2 20x22 3 4 15 484 3.36 19521 0.941 
3 20x22 5 6 15 484 3.36 19521 0.941 
4 20x22 7 8 15 484 3.36 19521 0.941 
5 24x24 2 3 20 576 4.00 27648 1.333 
6 24x24 3 5 20 576 4.00 27648 1.333 
7 24x24 5 7 20 576 4.00 27648 1.333 
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Figure 3 - Frame 1 Frame96 Input 
 
Table 7 - Frame 1 Analysis Summary 
DOF 12     
Run 1 2 3   
Eigenvalues 12 6 3   
      







1 0.529 0.529 0.529 100.00  
2 0.079 0.079 0.079   
3 0.056 0.056 0.043 23%  
4 0.056 0.043    
5 0.055 0.033    
6 0.055 0.023 58%   
7 0.043     
8 0.033     
9 0.027     
10 0.021     
11 0.014     
12 0.010     
Roof loads = 258 kips. Located at joints 
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Figure 4 - Frame 1 (Period vs Number of Modes) 
The intersection point for this graph occurs with the first two modes.  The third mode 
shows a 23% difference between run 1 & run 3. (See table 7)  Mass participation is graphed 
along with the eigenvalue runs to provide perspective on where code compliance occurs.  For this 
run, only one mode is needed for code compliance. The intersection point and the mass 


































Number of Modes 
MP Run 1 Run 2 Run 3
The intersection on the graph 
shows the r significant mode 
100% mass participation in 
the first mode 
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Figure 5 - Frame 1 Mode Shapes (12 Modes) 
The first two mode shapes were plotted in figure 5 for all 12 DOF as a benchmark for comparing 
run 1 & run 3. 
  
 
Figure 6 - Frame 1 Mode Shapes Run 1 & 3 
Md 1 = 0.529 Md 3 = 0.043 
Md 1 = 0.529 Md 3 = 0.043 
Deviations between Run 1 & 3 
Run 1 = Blue (12 modes)   Run 3 = Red (3 modes) 
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In figure 6, Run 1 (12 modes) and Run 3 (3 modes) are plotted with each other.  There 
are color changes to show deviation between the calculated periods.  By mode 3 – the two mode 
shapes have deviated.  The conclusion is that only one r significant mode is needed for this 1-
story concrete moment frame. 
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Example – Frame 6 (Four Story Steel Moment Frame) 
Figure 7 shows the frame elevation of the steel moment frame in this example. The frame 
is part of an office building located in Doha, Qatar. The frame loading is typical office loading.  
The total degrees-of-freedom for this frame is 24.  The analysis will consider the following runs in 
Frame96: 
• Run 1 – 24 modes 
• Run 2 – 12 modes 
• Run 3 – 6 modes 





Figure 7 – Frame 6 Elevation 
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Node i Node j Length Area 
Moment of 
Inertia 
(Start) (End) (ft) (in2) (ft2) (in4) (ft4) 
1 W14x145 1 2 13 42.7 0.2965 1710 0.082 
2 W14x145 2 3 13 42.7 0.2965 1530 0.074 
3 W14x132 3 4 13 38.8 0.2694 1530 0.074 
4 W14x132 4 5 13 38.8 0.2694 1530 0.074 
5 W14x132 6 7 13 38.8 0.2694 1530 0.074 
6 W14x132 7 8 13 38.8 0.2694 1530 0.074 
7 W14x145 8 9 13 42.7 0.2965 1710 0.082 
8 W14x145 9 10 13 42.7 0.2965 1710 0.082 
9 W24x76 2 9 25 22.4 0.1556 2100 0.101 
10 W24x62 3 8 25 18.2 0.1264 1550 0.075 
11 W24x55 4 7 25 16.2 0.1125 1350 0.065 




Figure 8 – Frame 6 Frame96 Input 
1st, 2nd, 3rd 




4th Floor loads 
= 4 kips. 
Located at 
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Table 9 - Frame Analysis Summary 
Frame Statistics:     
DOF 24     
Run 1 2 3 4  
Eigenvalues 24 Exact 12 6 3  
      









1 0.507 0.507 0.507 0.507 82.08 
2 0.159 0.159 0.159 0.159 13.09 
3 0.087 0.087 0.087 0.081  
4 0.064 0.064 0.064  6.8% 
5 0.039 0.039 0.023   
6 0.038 0.038 0.021 44%  
7 0.025 0.025    
8 0.024 0.024    
9 0.021 0.021    
10 0.016 0.016    
11 0.014 0.013    
12 0.014 0.008 43%   
13 0.013     
14 0.013     
15 0.010     
16 0.009     
17 0.009     
18 0.009     
19 0.008     
20 0.007     
21 0.007     
22 0.007     
23 0.005     
24 0.004     
 
  30 
 
Figure 9 – Frame 6 (Period vs Number of Modes) 
 The intersection point for this graph occurs with mode 2.  The third mode shows 
a 6.8% difference between run 1 & run 4.  Mass participation is graphed along with the 
eigenvalue runs to provide perspective on where code compliance occurs.  For this run, two 
modes are needed for code compliance. The intersection point and the mass participation are 




































Number of Modes 
MP Run 1 Run 2 Run 3 Run 4
The intersection on the graph 
shows the r significant modes 
90% mass participation by 
the second mode 
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Figure 10 - Example Frame Mode Shapes - Run 1 (24 Modes) 
The first three mode shapes are plotted in figure 10 for all 24 DOF as a benchmark for comparing 





Md 1 = 0.507 Md 2 = 0.159 Md 3 = 0.087 
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Figure 11 - Example Frame Mode Shapes - Run 1 & 4 
In figure 11, Run 1 (24 modes) and Run 3 (3 modes) are plotted with each other.  There 
are color changes to show deviation between the calculated periods.  By mode 3 – the two mode 
shapes have deviated.  The conclusion is that only two r significant modes are needed for this 4-
story steel moment frame. 
Example – Frame 3 (8-Story Concrete Moment Frame)  
Figure 12 shows the frame elevation of the concrete moment frame in this example.  The 
frame is part of an office building, and has typical loading.  The total degrees-of-freedom for this 
frame is 96.  The analysis will consider the following runs in Frame96: 
• Run 1 – 96 modes 
• Run 2 – 48 modes 
• Run 3 – 24 modes 
• Run 4 – 12 modes 
• Run 5 – 6 modes 
• Run 6 – 3 modes 
Run 1 = Blue (24 modes)   Run 4 = Red (3 modes) 
Md 1 = 0.507 Md 2 = 0.159 Md 3 = 0.087 
Deviations between Run 1 & 4 
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Figure 12 - Frame 3 Elevation 





Node i Node j Length Area Moment of Inertia 
(Start) (End) (ft) (in2) (ft2) (in4) (ft4) 
1 28x26 1 2 15 728 5.056 47563 2.294 
2 28x26 2 3 13 728 5.056 47563 2.294 
3 28x26 3 4 13 728 5.056 47563 2.294 
4 28x26 4 5 13 728 5.056 47563 2.294 
5 28x26 5 21 13 728 5.056 47563 2.294 
6 28x26 21 25 13 728 5.056 47563 2.294 





Node i Node j Length Area Moment of Inertia 
(Start) (End) (ft) (in2) (ft2) (in4) (ft4) 
7 28x26 25 29 13 728 5.056 47563 2.294 
8 28x26 29 33 13 728 5.056 47563 2.294 
9 34x26 6 7 15 884 6.139 85159 4.107 
10 34x26 7 8 13 884 6.139 85159 4.107 
11 34x26 8 9 13 884 6.139 85159 4.107 
12 34x26 9 10 13 884 6.139 85159 4.107 
13 28x26 10 22 13 728 5.056 47563 2.294 
14 28x26 22 26 13 728 5.056 47563 2.294 
15 28x26 26 30 13 728 5.056 47563 2.294 
16 28x26 30 34 13 728 5.056 47563 2.294 
17 34x26 11 12 15 884 6.139 85159 4.107 
18 34x26 12 13 13 884 6.139 85159 4.107 
19 34x26 13 14 13 884 6.139 85159 4.107 
20 34x26 14 15 13 884 6.139 85159 4.107 
21 28x26 15 23 13 728 5.056 47563 2.294 
22 28x26 23 27 13 728 5.056 47563 2.294 
23 28x26 27 31 13 728 5.056 47563 2.294 
24 28x26 31 35 13 728 5.056 47563 2.294 
25 28x26 16 17 15 728 5.056 47563 2.294 
26 28x26 17 18 13 728 5.056 47563 2.294 
27 28x26 18 19 13 728 5.056 47563 2.294 
28 28x26 19 20 13 728 5.056 47563 2.294 
29 28x26 20 24 13 728 5.056 47563 2.294 
30 28x26 24 28 13 728 5.056 47563 2.294 
31 28x26 28 32 13 728 5.056 47563 2.294 
32 28x26 32 36 13 728 5.056 47563 2.294 
33 30x26 2 7 20 780 5.417 58500 2.821 
34 30x26 7 12 20 780 5.417 58500 2.821 
35 30x26 12 17 20 780 5.417 58500 2.821 
36 30x26 3 8 20 780 5.417 58500 2.821 
37 30x26 8 13 20 780 5.417 58500 2.821 
38 30x26 13 18 20 780 5.417 58500 2.821 
39 30x26 4 9 20 780 5.417 58500 2.821 





Node i Node j Length Area Moment of Inertia 
(Start) (End) (ft) (in2) (ft2) (in4) (ft4) 
40 30x26 9 14 20 780 5.417 58500 2.821 
41 30x26 14 19 20 780 5.417 58500 2.821 
42 30x26 5 10 20 780 5.417 58500 2.821 
43 30x26 10 15 20 780 5.417 58500 2.821 
44 30x26 15 20 20 780 5.417 58500 2.821 
45 30x26 21 22 20 780 5.417 58500 2.821 
46 30x26 22 23 20 780 5.417 58500 2.821 
47 30x26 23 24 20 780 5.417 58500 2.821 
48 30x26 25 26 20 780 5.417 58500 2.821 
49 30x26 26 27 20 780 5.417 58500 2.821 
50 30x26 27 28 20 780 5.417 58500 2.821 
51 30x26 29 30 20 780 5.417 58500 2.821 
52 30x26 30 31 20 780 5.417 58500 2.821 
53 30x26 31 32 20 780 5.417 58500 2.821 
54 30x26 33 34 20 780 5.417 58500 2.821 
55 30x26 34 35 20 780 5.417 58500 2.821 
56 30x26 35 36 20 780 5.417 58500 2.821 
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Figure 13 - Frame 3 Frame96 Input 
Table 11 - Frame 3 Analysis Summary 
Frame Statistics:       
DOF 96       
Run 1 2 3 4 5 6  
Eigenvalues 96 48 24 12 6 3  
        














1 0.768 0.768 0.768 0.768 0.768 0.768 81.478 
2 0.257 0.257 0.257 0.257 0.257 0.253 10.596 
3 0.144 0.144 0.144 0.144 0.144 0.096  
4 0.098 0.098 0.098 0.098 0.098  33% 
5 0.085 0.085 0.085 0.079 0.066   
6 0.079 0.079 0.079 0.072 0.029 63%  
7 0.072 0.072 0.072 0.067    
8 0.068 0.068 0.068 0.057    
9 0.058 0.058 0.058 0.048    
10 0.056 0.056 0.056 0.040    
 1 - 8 Floors 
loads = 21.5 
kips. Located 
at joints 
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Frame Statistics:       
DOF 96       
Run 1 2 3 4 5 6  
Eigenvalues 96 48 24 12 6 3  
11 0.048 0.048 0.048 0.023    
12 0.040 0.040 0.040 0.014 65%   
13 0.030 0.030 0.030     
14 0.029 0.029 0.029     
15 0.027 0.027 0.027     
 
The higher modes were neglected and not reported in this section. 
 
Figure 14 - Frame 3 (Period vs Number of Modes) 
The intersection point for this graph occurs by mode 2.  The third mode shows a 33% 
difference between run 1 & run 6.  Mass participation is graphed along with the eigenvalue runs 
to provide perspective on where code compliance occurs.  For this run, two modes are needed 
for code compliance. The intersection point and the mass participation are equal to each other 







































Number of Modes 
MP Run 1 Run 2 Run 3 Run 4 Run 5 Run 6
The intersection on the graph 
shows the r significant modes 
90% mass participation by 
the second mode 
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The first three mode shapes were plotted in figure 14 for all 96 DOF as a benchmark for 
comparing run 1 & run 6. 
 
Figure 15 - Frame 3 Mode Shapes (96 Modes) 
 
Md 1 = 0.768 Md 2 = 0.257 Md 3 = 0.143 
  39 
 
Figure 16 - Frame 3 Mode Shapes Run 1 & Run 6 
In figure 15, Run 1 (96 modes) and Run 6 (3 modes) are plotted with each other.  There 
are color changes to show deviation between the calculated periods.  By mode 3 – the two mode 
shapes have deviated.  The conclusion is that only one r significant mode is needed for this 8-
story concrete moment frame. 
Example – Frame 8 (12-Story Steel Moment Frame)  
Figure 16 shows the frame elevation of the steel moment frame in this example.  The 
frame is part of an office building with typical building loads.  The total degrees-of-freedom for this 
frame is 72.  The analysis will consider the following runs in Frame96: 
• Run 1 – 72 modes 
• Run 2 – 36 modes 
• Run 3 – 18 modes 
• Run 4 – 9 modes 
• Run 5 – 3 modes 
Md 1 = 0.768 Md 2 = 0.257 Md 3 = 0.143 
Deviations between Run 1 & 6 
Run 1 = Blue (96 modes)   Run 6 = Red (3 modes) 
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i Node j Length Area Moment of Inertia 
(Start) (End) (ft) (in2) (ft2) (in4) (ft4) 
1 W14x233 1 2 13 68.5 0.476 3010 0.145 
2 W14x233 2 3 13 68.5 0.476 3010 0.145 
3 W14x233 3 4 13 68.5 0.476 3010 0.145 
4 W14x233 4 5 13 68.5 0.476 3010 0.145 
5 W14x233 5 6 13 68.5 0.476 3010 0.145 
6 W14x233 6 7 13 68.5 0.476 3010 0.145 
7 W14x233 7 8 13 68.5 0.476 3010 0.145 
8 W14x233 8 9 13 68.5 0.476 3010 0.145 
9 W14x233 9 10 13 68.5 0.476 3010 0.145 
10 W14x233 10 11 13 68.5 0.476 3010 0.145 
11 W14x233 11 12 13 68.5 0.476 3010 0.145 
12 W14x233 12 13 13 68.5 0.476 3010 0.145 
13 W14x233 14 15 13 68.5 0.476 3010 0.145 
14 W14x233 15 16 13 68.5 0.476 3010 0.145 
15 W14x233 16 17 13 68.5 0.476 3010 0.145 
16 W14x233 17 18 13 68.5 0.476 3010 0.145 
17 W14x233 18 19 13 68.5 0.476 3010 0.145 
18 W14x233 19 20 13 68.5 0.476 3010 0.145 
19 W14x233 20 21 13 68.5 0.476 3010 0.145 
20 W14x233 21 22 13 68.5 0.476 3010 0.145 
21 W14x233 22 23 13 68.5 0.476 3010 0.145 
22 W14x233 23 24 13 68.5 0.476 3010 0.145 
23 W14x233 24 25 13 68.5 0.476 3010 0.145 
24 W14x233 25 26 13 68.5 0.476 3010 0.145 
25 W24x117 2 15 25 34.4 0.239 3540 0.171 
26 W24x117 3 16 25 34.4 0.239 3540 0.171 
27 W24x117 4 17 25 34.4 0.239 3540 0.171 
28 W24x117 5 18 25 34.4 0.239 3540 0.171 
29 W24x117 6 19 25 34.4 0.239 3540 0.171 
30 W24x117 7 20 25 34.4 0.239 3540 0.171 
31 W24x117 8 21 25 34.4 0.239 3540 0.171 
32 W24x117 9 22 25 34.4 0.239 3540 0.171 






i Node j Length Area Moment of Inertia 
(Start) (End) (ft) (in2) (ft2) (in4) (ft4) 
33 W24x117 10 23 25 34.4 0.239 3540 0.171 
34 W24x117 11 24 25 34.4 0.239 3540 0.171 
35 W24x117 12 25 25 34.4 0.239 3540 0.171 
36 W24x117 13 26 25 34.4 0.239 3540 0.171 
 
 













1-12 Floors loads 
= 18 kips. Located 
at joints 
  43 
Table 13- Frame 8 Analysis Summary 
Frame Statistics:      
DOF 72      
Run 1 2 3 4 5  
Eigenvalues 72 36 18 9 3  
       











1 1.786 1.786 1.786 1.786 1.786 73.11 
2 0.686 0.686 0.686 0.686 0.667 14.00 
3 0.348 0.348 0.348 0.348 0.180 5.155 
4 0.235 0.235 0.235 0.235   
5 0.171 0.171 0.171 0.171  2.7% 
6 0.125 0.125 0.125 0.125  48% 
7 0.105 0.105 0.105 0.094   
8 0.098 0.098 0.098 0.068   
9 0.096 0.096 0.096 0.047 51%  
10 0.092 0.092 0.079    
11 0.079 0.079 0.066    
12 0.066 0.066 0.057    
13 0.057 0.057 0.051    
14 0.051 0.051 0.047    
15 0.025 0.047 0.036    
 
The higher modes were neglected and not reported. 
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Figure 19 - Frame 8 (Period vs Number of Modes) 
The intersection point for this graph occurs with the first two modes.  The third mode 
shows a 48% difference between run 1 & run 5. The second mode shows a 2.7% difference from 
run 4 to run 5.  This difference is less than 5% can be ignored. Mass participation is graphed 
along with the eigenvalue runs to provide perspective on where code compliance occurs.  For this 
run, three modes are needed for code compliance. The intersection point and the mass 
participation are not equal to each other showing a difference between the second and third 
mode.  The difference is large enough to include additional modes. 
The first three mode shapes are plotted in figure 19 for all 72 DOF as a benchmark for 










































Number of Modes 
MP Run 1 Run 2 Run 3 Run 4 Run 5
The intersection on the graph 
shows the r significant modes 
90% mass participation by 
the third mode 
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Figure 21 - Frame 8 Mode Shapes Run 1 & 5 
In figure 21, Run 1 (72 modes) and Run 5 (3 modes) are plotted with each other.  There 
are color changes to show deviation enough between the calculated periods that three r 
significant modes are needed. 
Md 1 = 1.786 Md 2 = 0.686 Md 3 = 0.348 
Md 1 = 1.786 Md 2 = 0.686 Md 3 = 0.348 
Run 1 = Blue (72 modes)   Run 5 = Red (3 modes) 
Deviations 
between Run 1 
& 5 
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CHAPTER 5 
RESULTS AND CONCLUSIONS 
The dynamic analysis of 27 moment frames was performed to determine the number of r 
significant mode shapes.  The analysis considered fundamental period, mass participation, and 
the mode shapes.  The analysis of the test results resulted in the following conclusions 
1. The fundamental period of the moment frames as calculated by RISA 3D and Frame96 
compared favorably.  (See table 14)  The median percent difference is 12.5%, and the 
maximum calculated percent difference is 20%.  This is a reasonable difference within 
industry standards.   
2. The results from the graphical analysis produced r significant mode values in line with 
code compliant 90% mass participation values. (See table 15)  The significant mode 
shapes are found in 1 – 3 modes for frames ranging from 1 to 12 stories. 






(sec) % Diff NDOF Story Material 
1 0.507 0.503 0.8% 24 4 steel 
2 0.332 0.312 6.4% 54 2 concrete 
3 0.420 0.384 9.4% 144 8 concrete 
4 0.641 0.598 7.2% 216 12 concrete 
5 0.407 0.393 3.6% 96 8 concrete 
6 0.341 0.343 0.6% 6 1 steel 
7 0.448 0.468 4.3% 6 1 steel 
8 0.634 0.628 1.0% 12 4 steel 
9 0.952 0.952 0.0% 24 4 steel 
10 0.950 0.960 1.0% 24 4 steel 
11 0.422 0.411 2.7% 48 4 steel 
12 0.412 0.419 1.7% 87 4 steel 
13 0.351 0.338 3.8% 54 4 steel 
14 0.312 0.364 14.3% 12 1 concrete 
15 0.529 0.607 12.9% 12 1 concrete 
16 0.394 0.456 13.6% 24 2 concrete 
17 0.393 0.481 18.3% 24 2 concrete 
19 0.518 0.506 2.4% 48 4 concrete 
20 0.534 0.662 19.3% 48 4 concrete 






(sec) % Diff NDOF Story Material 
21 0.503 0.495 1.6% 48 4 concrete 
22 0.768 0.768 0.0% 96 8 concrete 
23 0.922 0.811 13.7% 96 8 concrete 
25 0.928 0.772 20.2% 96 8 concrete 
26 1.07 1.02 4.9% 144 12 concrete 
27 1.406 1.308 7.5% 144 12 concrete 
31 1.204 1.214 0.8% 48 8 steel 
32 1.786 1.677 6.5% 72 12 steel 
Proposed Rules  
The following rules are proposed for determining the number of r significant modes needed 
for dynamic analysis of moment frames.  The proposed rules consider 90% mass participation for 
code compliance. 
1. 1-story moment frames - Only 1 mode is needed for single story frames. 
2. 4-8 story moment frames – 2 modes are needed for 4-8 story moment 
frames; 
3. 12 –story moment frames – 3 modes are needed for 12 story moment frames  
Table 15 - Number of Mode Shapes Summary 
Frame 
Number NDOF Story #Modes90% #Modesgraph 
1 24 4 2 2 
2 54 2 1 1 
3 144 8 2 2 
4 216 12 3 3 
5 96 8 3 3 
6 6 1 1 1 
7 6 1 1 1 
8 12 4 1 1 
9 24 4 2 2 
10 24 4 2 2 
11 48 4 2 2 
12 87 4 3 3 
13 54 4 2 2 
14 12 1 1 1 
15 12 1 1 1 
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Frame 
Number NDOF Story #Modes90% #Modesgraph 
16 24 2 2 2 
17 24 2 2 2 
19 48 4 2 2 
20 48 4 2 2 
21 48 4 2 2 
22 96 8 2 2 
23 96 8 2 2 
25 96 8 2 2 
26 144 12 2 3 
27 144 12 3 3 
31 48 8 2 2 
32 72 12 3 3 
Recommendations for Future Research 
The study analyzed the effects of minimizing the number of r significant modes in 
dynamic analysis of moment frames.  The following areas should be further investigated to 
broaden this topic: 
• Extend Frame96 into 3D.  There are modes that are neglected that occur 
orthogonally from the current 2D analysis and should be inspected to see what 
impact they have on the number of r significant modes. 
• Investigate the effect of r significant modes on brace braces, shear walls, and 
other forms of lateral load resisting elements. 
• Investigate further the contributions of static response parameters have on 
calculating r significant modes.  
• Investigate the effects of structural irregularities (soft stories, torsional 
irregularities) on r significant modes on moment frames. 
 
Examples have been presented that illustrates the interpretation of dynamic analysis 
concepts that are useful in predicting  the number of modes needed for successful structural 
engineering analysis based on 1) graphical analysis, and 2) code compliance. 
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APPENDIX A  
FRAME MODE EIGEN SUMMARY 
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Figure 22 Frame 1 Eigen Analyses 
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Figure 24 Frame 3 Eigen Analyses 
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Figure 26 Frame 5 Eigen Analyses 
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Figure 27 Frame 6 Eigen Analyses 
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Figure 28 Frame 7 Eigen Analyses 
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Figure 29 Frame 8 Eigen Analyses 
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Figure 30 Frame 9 Eigen Analyses 
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Figure 31 Frame 10 Eigen Analyses 
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Figure 32 Frame 11 Eigen Analyses 
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Figure 33 Frame 12 Eigen Analyses 
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Figure 34 Frame 13 Eigen Analyses 
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Figure 35 - Frame 14 Eigen Analyses 
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Figure 36 Frame 15 Eigen Analyses 
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Figure 37 Frame 16 Eigen Analyses 
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Figure 38 Frame 17 Eigen Analyses 
  69 
 
Figure 39 Frame 19 Eigen Analyses 
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Figure 40 Frame 20 Eigen Analyses 
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Figure 41 Frame 21 Eigen Analyses 
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Figure 42 Frame 22 Eigen Analyses 
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Figure 43 Frame 23 Eigen Analyses 
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Figure 44 Frame 25 Eigen Analyses 
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Figure 45 Frame 26 Eigen Analyses 
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Figure 46 Frame 27 Eigen Analyses 
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Figure 47 Frame 31 Eigen Analyses 
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The analysis procedure consisted of analyzing large database of frames, in Frame96 and 
RISA 3D.  RISA 3D was used as a benchmark to verify that Frame96 was running correctly and 
that the correct modes were being captured, other factors were its availability, known accuracy, 
and functionality.   
Each structure was modeled in Frame96 based on actual loading conditions and then 
analyzed to extract the r < n significant modes, and lowest fundamental periods. The frame 
periods were compared to a similar analysis done in RISA 3D for verification of Frame96 
accuracy.   
Frame Analysis Assumptions 
Several general assumptions considered in the design are as follows: 
• All steel is considered to be ASTM A992, Grade 50. 
• The modulus of elasticity of steel (Esteel) is 29,000 ksi, including all non-prestressed 
reinforcement. 
• The 28 day compressive strength of concrete (F'c) is 4000 psi unless noted otherwise. 
• The modulus of elasticity of concrete (Econc) is calculated from ACI 318- 8.5.1, for normal 
weight concrete, as  57,000�𝑓𝑐′  therefore Econc = 3,604 ksi. 
• The effective flange width of concrete T-beams (Beff) is calculated from ACI 318-8.10.3 
(beams with a slab on one side only). 
 𝑏𝑤  +  𝐿/12 
 𝑏𝑤  +  6𝑡 
 𝑏𝑤  +  𝐶𝑙𝑒𝑎𝑟 𝑆𝑝𝑎𝑛/2 
• All dead loads are superimposed loads.  Member self-weight is not included in the 
analysis. 
• Nodal loads are distributed based on tributary areas, and in some cases a two way slab 
pattern is used. 
• A 2D frame was modeled in RISA 3D by adding out of plane supports. 
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The table below lists all the example frames used in the analysis, along with the number of 
degrees of freedom, number of stories, and material (steel or concrete).  All frames are 
considered to be fully fixed at the base, each frame is attached to a rigid diaphragm, and all 
masses are lumped at the nodes. Frames 18, 24, and 28-30 were not included in this study. 
Table 16 - Study Frames 
Frame 
Number NDOF Story Material 
1 24 4 Steel 
2 54 2 Concrete 
3 144 8 Concrete 
4 216 12 Concrete 
5 96 8 Concrete 
6 6 1 Steel 
7 6 1 Steel 
8 12 4 Steel 
9 24 4 Steel 
10 24 4 Steel 
11 48 4 Steel 
12 87 4 Steel 
13 54 4 Steel 
14 12 1 Concrete 
15 12 1 Concrete 
16 24 2 Concrete 
17 24 2 Concrete 
19 48 4 Concrete 
20 48 4 Concrete 
21 48 4 Concrete 
22 96 8 Concrete 
23 96 8 Concrete 
25 96 8 Concrete 
26 144 12 Concrete 
27 144 12 Concrete 
31 48 8 Steel 
32 72 12 Steel 
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Frame Descriptions 
The following sections describes each building frame input in terms of its geographical 
location, number of stories, number of bays, units (US or I), building area, and notes. Nodal 
loads, nodal coordinates, frame properties, and frame elevation are located in the Frame96 input 
documents. 
Frame 1 
Frame  Frame 1 Stories: 4 
Location: Quatar, UAE Number of Bays: 1 
Building  25,000 ft2 Units: US 
Notes: Office Building [14] 
Frame 2 
Frame  Frame 2 Stories: 2 
Location: Jeddah, Saudi Arabia Number of Bays: 8 
Building  18,400 m2 Units: I 
Notes: Office Building [14] 
Frame 3 
Frame  Frame 3 Stories: 8 
Location: NaN Number of Bays: 5 
Building  2,400 m2 Units: I 
Notes: Article Example [15] 
Frame 4 
Frame  Frame 4 Stories: 12 
Location: NaN Number of Bays: 5 
Building  3,600 m2 Units: I 
Notes: Article Example [15] 
Frame 5 
Frame  Frame 5 Stories: 8 
Location: NaN Number of Bays: 3 
Building  2,400 m2 Units: I 
Notes: Article Example [15] 
Frame 6 
Frame  Frame 6 Stories: 1 
Location: Marana, AZ Number of Bays: 1 
Building  64,500 ft2 Units: US 
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Notes: Readiness Center [14] 
Frame 7 
Frame  Frame 7 Stories: 1 
Location: Glendale, AZ Number of Bays: 1 
Building  25,000 ft2 Units: US 
Notes: Readiness Center [14] 
Frame 8 
Frame  Frame 8 Stories: 1 
Location: Jeddah, Saudi Arabia Number of Bays: 3 
Building  436 m2 Units: I 
Notes: Pre-Engineered Metal Building [14] 
Frame 9 
Frame  Frame 9 Stories: 4 
Location: Houston, TX Number of Bays: 1 
Building  168,000 ft2 Units: US 
Notes: Hospital, South Elevation, between gridlines 2-3 [16] 
Frame 10 
Frame  Frame 10 Stories: 4 
Location: Houston, TX Number of Bays: 1 
Building  96,000 ft2 Units: US 
Notes: Hospital, South Elevation at Grid A, between  
  gridlines 5-6 [16] 
Frame 11 
Frame  Frame 11 Stories: 4 
Location: Tucson, AZ Number of Bays: 3 
Building  276,455 ft2 Units: US 
Notes: Hospital, Frame at Grid 1, between gridlines E-H [16] 
Frame 12 
Frame  Frame 12 Stories: 4 
Location: Tucson, AZ Number of Bays: 5 
Building  276,455 ft2 Units: US 
Notes: Hospital, Frame at Grid K, between gridlines 1-6 [16] 
Frame 13 
Frame  Frame 13 Stories: 4 
Location: Tucson, AZ Number of Bays: 4 
Building  276,455 ft2 Units: US 
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Notes: Hospital, Frame at Grid A, between gridlines 3-7 [16] 
Frame 14 
Frame  Frame 14 Stories: 1 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 2061, 2062, 2063 [17] 
Frame 15 
Frame  Frame 15 Stories: 1 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 1001, 1002 [17] 
Frame 16 
Frame  Frame 16 Stories: 2 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 2069 [17] 
Frame 17 
Frame  Frame 17 Stories: 2 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 2064 [17]  
Frame 18 
Not Used   
Frame 19 
Frame  Frame 19 Stories: 4 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 1008 [17] 
Frame 20 
Frame  Frame 20 Stories: 4 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 1009 [17] 
Frame 21 
Frame  Frame 21 Stories: 4 
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Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 1010 [17] 
Frame 22 
Frame  Frame 22 Stories: 8 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 1011 [17] 
Frame 23 
Frame  Frame 23 Stories: 8 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 1012, 1022 [17] 
Frame 24 
Not Used   
Frame 25 
Frame  Frame 25 Stories: 8 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 1024, 2066 [17] 
Frame 26 
Frame  Frame 26 Stories: 12 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes; Frame ID.: 1013 [17] 
Frame 27 
Frame  Frame 27 Stories: 12 
Location: NaN Number of Bays: 3 
Building  NaN Units: US 
Notes: Frame ID.: 1014, 1015 [17] 
Frame 28 
Not Used   
Frame 29 
Not Used   
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Frame 30  
Not Used  
Frame 31 
Frame  Frame 31 Stories: 8 
Location: NaN Number of Bays: 1 
Building  NaN Units: US 
Notes: Project created by author 
Frame 32 
Frame  Frame 32 Stories: 12 
Location: NaN Number of Bays: 1 
Building  NaN Units: US 
Notes: Project created by author 
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Frame96 Input Files 
 
Figure 49 - Frame 1 Elevation 
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Figure 50 - Frame 1 
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Figure 51 - Frame 1 
  90 
 
Figure 52 - Frame 2 Elevation 
  91 
 
Figure 53 - Frame 2 
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Figure 54 - Frame 2 
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Figure 55 - Frame 3 Elevation 
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Figure 56 - Frame 3 
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Figure 57 - Frame 3 
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Figure 58 - Frame 3 
  97 
 
Figure 59 - Frame 3 
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Figure 60 - Frame 4 Elevation 
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Figure 61 - Frame 4 
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Figure 62 - Frame 4 
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Figure 63 - Frame 4 
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Figure 64 - Frame 4 
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Figure 65 - Frame 4 
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Figure 66 - Frame 5 Elevation 
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Figure 67 - Frame 5 
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Figure 68 - Frame 5 
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Figure 69 - Frame 5 
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Figure 70 - Frame 6 Elevation 
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Figure 71 - Frame 6 
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Figure 72 - Frame 6 
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Figure 73 - Frame 7 Elevation 
  112 
 
Figure 74 - Frame 7 
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Figure 75 - Frame 7 
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Figure 76 - Frame 8 Elevation 
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Figure 77 - Frame 8 
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Figure 78 - Frame 8 
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Figure 79 - Frame 9 Elevation 
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Figure 80 - Frame 9 
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Figure 81 - Frame 9 
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Figure 82 - Frame 10 Elevation 
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Figure 83 - Frame 10 
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Figure 84 - Frame 10 
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Figure 85 - Frame 11 Elevation 
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Figure 86 - Frame 11 
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Figure 87 - Frame 11 
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Figure 88 - Frame 12 Elevation 
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Figure 89 - Frame 12 
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Figure 90 - Frame 12 
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Figure 91 - Frame 12 
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Figure 92 - Frame 13 Elevation 
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Figure 93 - Frame 13 
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Figure 94 - Frame 13 
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Figure 95 - Frame 14 Elevation 
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Figure 96 - Frame 14 
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Figure 97 - Frame 14 
  136 
 
Figure 98 - Frame 15 Elevation 
  137 
 
Figure 99 - Frame 15 
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Figure 100 - Frame 15 
  139 
 
Figure 101 - Frame 16 Elevation 
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Figure 102 - Frame 16 
  141 
 
Figure 103 - Frame 16 
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Figure 104 - Frame 17 Elevation 
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Figure 105 - Frame 17 
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Figure 106 - Frame 17 
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Figure 107 - Frame 19 Elevation 
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Figure 108 - Frame 19 
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Figure 109 - Frame 19 
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Figure 110 - Frame 20 Elevation 
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Figure 111 - Frame 20 
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Figure 112 - Frame 20 
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Figure 113 - Frame 21 Elevation 
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Figure 114 - Frame 21 
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Figure 115 - Frame 21 
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Figure 116 - Frame 22 Elevation 
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Figure 117 - Frame 22 
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Figure 118 - Frame 22 
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Figure 119 - Frame 22 
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Figure 120 - Frame 23 Elevation 
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Figure 121 - Frame 23 
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Figure 122 - Frame 23 
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Figure 123 - Frame 23 
  162 
 
Figure 124 - Frame 25 Elevation 
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Figure 125 - Frame 25 
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Figure 126 - Frame 25 
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Figure 127 - Frame 25 
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Figure 128 - Frame 26 Elevation 
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Figure 129 - Frame 26 
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Figure 130 - Frame 26 
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Figure 131 - Frame 26 
  170 
 
Figure 132 - Frame 26 
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Figure 133 - Frame 27 Elevation 
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Figure 134 - Frame 27 
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Figure 135 - Frame 27 
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Figure 136 - Frame 27 
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Figure 137 - Frame 27 
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Figure 138 - Frame 31 Elevation 
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Figure 139 - Frame 31 
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Figure 140 - Frame 31 
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Figure 141 - Frame 32 Elevation 
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Figure 142 - Frame 32 
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Figure 143 - Frame 32 
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Figure 145 - Frame 1 Run 1 
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Figure 146 - Frame 1 Run 2 
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Figure 147- Frame 1 Run 3 
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Figure 148- Frame 1 Run 4 
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Figure 149- Frame 2 Run 1 
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Figure 150- Frame 2 Run 2 
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Figure 151- Frame 2 Run 3 
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Figure 152- Frame 2 Run 4 
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Figure 153- Frame 2 Run 5 
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Figure 154- Frame 3 Run 1 
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Figure 155- Frame 3 Run 2 
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Figure 156- Frame 3 Run 3 
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Figure 157- Frame 3 Run 4 
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Figure 158- Frame 3 Run 5 
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Figure 159- Frame 3 Run 6 
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Figure 160- Frame 4 Run 1 
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Figure 161- Frame 4 Run 2 
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Figure 162- Frame 4 Run 3 
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Figure 163- Frame 4 Run 4 
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Figure 164- Frame 4 Run 5 
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Figure 165- Frame 4 Run 6 
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Figure 166- Frame 4 Run 7 
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Figure 167- Frame 5 Run 1 
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Figure 168- Frame 5 Run 2 
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Figure 169- Frame 5 Run 3 
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Figure 170- Frame 5 Run 4 
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Figure 171- Frame 5 Run 5 
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Figure 172- Frame 5 Run 6 
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Figure 173- Frame 6 Run 1 
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Figure 174- Frame 6 Run 2 
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Figure 175- Frame 7 Run 1 
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Figure 176- Frame 7 Run 2 
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Figure 177- Frame 8 Run 1 
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Figure 178- Frame 8 Run 2 
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Figure 179- Frame 8 Run 3 
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Figure 180- Frame 9 Run 1 
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Figure 181- Frame 9 Run 2 
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Figure 182- Frame 9 Run 3 
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Figure 183- Frame 9 Run 4 
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Figure 184- Frame 10 Run 3 
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Figure 185- Frame 10 Run 4 
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Figure 186- Frame 10 Run 4 
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Figure 187- Frame 10 Run 4 
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Figure 188- Frame 11 Run 1 
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Figure 189- Frame 11 Run 2 
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Figure 190- Frame 11 Run 3 
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Figure 191- Frame 11 Run 4 
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Figure 192- Frame 11 Run 5 
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Figure 193- Frame 12 Run 1 
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Figure 194- Frame 12 Run 2 
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Figure 195- Frame 12 Run 3 
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Figure 196- Frame 12 Run 4 
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Figure 197- Frame 12 Run 5 
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Figure 198- Frame 12 Run 6 
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Figure 199- Frame 13 Run 1 
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Figure 200- Frame 13 Run 2 
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Figure 201- Frame 13 Run 3 
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Figure 202- Frame 13 Run 4 
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Figure 203- Frame 13 Run 5 
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Figure 204- Frame 14 Run 1 
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Figure 205- Frame 14 Run 2 
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Figure 206- Frame 14 Run 3 
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Figure 207- Frame 15 Run 1 
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Figure 208- Frame 15 Run 2 
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Figure 209- Frame 15 Run 3 
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Figure 210- Frame 16 Run 1 
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Figure 211- Frame 16 Run 2 
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Figure 212- Frame 16 Run 3 
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Figure 213- Frame 16 Run 4 
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Figure 214- Frame 17 Run 1 
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Figure 215- Frame 17 Run 2 
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Figure 217- Frame 19 Run 1 
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Figure 218- Frame 19 Run 2 
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Figure 219- Frame 19 Run 3 
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Figure 220- Frame 19 Run 4 
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Figure 221- Frame 19 Run 5 
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Figure 222- Frame 20 Run 1 
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Figure 223- Frame 20 Run 2 
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Figure 224- Frame 20 Run 3 
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Figure 225- Frame 20 Run 5 
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Figure 226- Frame 20 Run 6 
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Figure 227- Frame 21 Run 1 
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Figure 228- Frame 21 Run 2 
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Figure 229- Frame 21 Run 3 
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Figure 230- Frame 21 Run 4 
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Figure 231- Frame 21 Run 5 
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Figure 232- Frame 22 Run 1 
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Figure 233- Frame 22 Run 2 
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Figure 234- Frame 22 Run 3 
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Figure 235- Frame 22 Run 4 
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Figure 236- Frame 22 Run 5 
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Figure 237- Frame 22 Run 6 
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Figure 238- Frame 23 Run 1 
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Figure 239- Frame 23 Run 2 
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Figure 240- Frame 23 Run 3 
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Figure 241- Frame 23 Run 4 
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Figure 242- Frame 23 Run 5 
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Figure 243- Frame 23 Run 6 
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Figure 244- Frame 25 Run 1 
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Figure 245- Frame 25 Run 2 
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Figure 246- Frame 25 Run 3 
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Figure 247- Frame 25 Run 3 
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Figure 248- Frame 25 Run 4 
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Figure 249- Frame 25 Run 4 
 
  289 
 
Figure 250- Frame 25 Run 5 
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Figure 251- Frame 25 Run 6 
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Figure 252- Frame 26 Run 1 
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Figure 253- Frame 26 Run 2 
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Figure 254- Frame 26 Run 3 
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Figure 255- Frame 26 Run 4 
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Figure 256- Frame 26 Run 5 
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Figure 257- Frame 26 Run 6 
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Figure 258- Frame 27 Run 1 
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Figure 259- Frame 27 Run 2 
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Figure 260- Frame 27 Run 3 
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Figure 261- Frame 27 Run 4 
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Figure 262- Frame 27 Run 5 
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Figure 263- Frame 27 Run 6 
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Figure 264- Frame 31 Run 1 
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Figure 265- Frame 31 Run 2 
 
  305 
 
Figure 266- Frame 31 Run 3 
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Figure 267- Frame 31 Run 4 
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Figure 268- Frame 31 Run 5 
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Figure 269- Frame 32 Run 1 
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Figure 270- Frame 32 Run 2 
 
  310 
 
Figure 271- Frame 32 Run 2 
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Figure 272- Frame 32 Run 3 
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Figure 273- Frame 32 Run 4 
 
 
 
